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HIGH TEMPERATURE LIMITS FOR (1 + l)-DIMENSIONAL DIRECTED 
POLYMER WITH HEAVY-TAILED DISORDER. 
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The directed polymer model at intermediate disorder regime was 
introduced by Alberts-Khanin-Quastel [AKQ12]. It was proved that 
at inverse temperature /3n * 1 with 7 = 1/4 the partition function, cen¬ 
tered appropriately, converges in distribution and the limit is given 
in terms of the solution of the stochastic heat equation. This result 
was obtained under the assumption that the disorder variables posses 
exponential moments, but its universality was also conjectured un¬ 
der the assumption of six moments. We show that this conjecture 
is valid and we further extend it by exhibiting classes of different 
universal limiting behaviors in the case of less than six moments. We 
also explain the behavior of the scaling exponent for the log-partition 
function under different moment assumptions and values of 7. 


1. Introduction. 

1.1. The model. We consider the (1 + l)-dimensional directed polymer in i.i.d. random environ¬ 
ment with high temperature. In particular, let 12 := {u v \ v £ Z 2 } be a collection of i.i.d. random 
variables indexed by the vertices of Z 2 . We will denote their joint law by P and the corresponding 
expectation by E. Let P n (-) be the measure corresponding to a nearest-neighbor simple random 
walk, starting at the origin at time 0 and run up to time n. We will denote the set of nearest- 
neighbor paths by = {((i, Sj))” =0 | so = 0, |s* — Sj_i| = 1,1 ^ i ^ n}) and by (•) the expectation 
w.r.t. P„ . The energy of a path s = ((/, Sj))” =0 £ is defined as H u (s) := Y17=i “W-s, an d the 
polymer measure P n ,/3 n on is given by 

(1) ^Hs) = (Z„7J- 1 exp(An“(s)), S€J7”. 

where Zff^ is the partition function 

( 2 ) Z“ pn := <exp(/? n in> = 2“" £ exp(/3 n fl») 

and j3 n > 0 is the inverse temperature that we will allow to depend on n. In particular, we will 
consider dependencies that will make /3 n go to zero, as n tends to infinity, thus considering a high 
temperature regime. The expectation with respect to the polymer measure P n a will be denoted by 

®ra,/3n • 

The directed polymer model was introduced in [HH85] as a model for the interface of the two- 
dimensional Ising model with random interactions. Therein, numerical evidence was provided indi¬ 
cating interesting super diffusive fluctuation exponents of the interface. Soon after, a physical link 
to the fluctuation theory of Stochastic Burgers equation [FNS77] was provided in [HHF85]. It is 
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now well established that the directed polymer model is linked to the Kardar-Parisi-Zhang (KPZ) 
equation, since the logarithm of the partition function ^ can be viewed as a discretization of the 
Hopf-Cole solution to the KPZ equation. Therefore, it provides a rigorous path to verify the predic¬ 
tions made by Kardar-Parisi-Zhang on the fluctuation exponents of the celebrated KPZ universality 
class. 

In rough terms, the fluctuation exponent x £ [0,1] characterizes the fluctuations of log Z£o in 
the sense that 

I lo g z n,p n ~ E lo £ Z n,p n | ~ n* +o(1) , for n —> oo. 

The transversal exponent £ G [0,1] characterizes the fluctuations of the end-point ( n,s n ) of a path 
s G chosen from the measure P rl)j g n , that is 

EE nji g n |s n | « for n —> oo. 


So far, work in understanding the fluctuation exponents of the directed polymer has been constrained 
to the case where the random variables uj have exponential moments. The prediction, when /3 n equals 
a constant /3, is that % = 1/3 and £ = 2/3. This has been confirmed, so far, only for the so-called 
log-gamma polymer, where exp(—a;) has gamma distribution [S12] . In fact, in this case, the full 
scaling limit of the partition function, constrained to a fixed end point, e.g. s n = 0 , is established 
to obey the Tracy-Widom GUE law, [COSZ14], [OSZ14], [BCR13]. More precisely, if we centre the 
point-to-point partition function logZ^^ (O) by its free energy f(j3) := lin^-^ n _1 log p n {0) 
and scale with c(/3)n 1//3 (c(/3) being a specific constant), then 


(3) 


lQ g Z n,p(°) ~ n f(P) 
c(/?)n 1 / 3 


(<*) 

n—> oo 


> Fgue- 


Besides the log-gamma polymer, similar scaling behavior has been established only for a handful 
of polymer models. Namely the continuum polymer (which is directly related to the Hopf-Cole 
solution of the KPZ equation) [SS10], [ACQ11] and the O’Connell-Yor semi-discrete polymer [012], 
[BC14], However, the scaling limit is conjectured to hold universally, independently of the particular 
distribution, as long as it possesses exponential moments. The only non-universal constants will be 
the free energy f(/3) and the scaling constant c(/3). In [BBP07], based on a Flory type argument, it 
is claimed that the 1/3, 2/3 exponents should be valid as long as disorder possesses more than five 
moments. Furthermore, based on numerical evidence, it is claimed therein, that the same Tracy- 
Widom limit theorem (3) should be valid. On the other hand, recent numerical studies [GLBR14] 
have indicated that when disorder fails to have a fifth moment, then the 1/3, 2/3 exponents should 
be replaced by exponents, which depend on the tails of the disorder. Furthermore, some guesses of 
the nature of the limit laws are presented, although a concrete guess is still elusive. 

In [AKQ10] and [AKQ12] the notion of weak universality was introduced. In that work, the 
authors considered the case where /3 n = /3n -1 / 4 , i.e. a high temperature regime, and showed that 
under the assumption of exponential moments 


(4) lQ g Z n,Pn - n KPn) log Z v 20 , 

where 2^/3 solution of the stochastic heat equation and A (/3 n ) := logEfe^™^]. Moreover, it 

was conjectured therein that the same limit behavior should be valid under only the assumption 
that disorder possesses more than six moments. Notice that in the case of finite moments A (/3 n ) is 
not defined and therefore a different centering constant would be necessary. 
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In this article we prove this conjecture. Moreover, motivated by a Flory type argument in [BBP07], 
we show that this conjecture is part of a larger picture. The latter is described by a phase diagram 
for the values of the exponents (%,£) depending on ( 7 ,a) where /3 n « /3n -7 ,7 ^ 0 and the disorder 
satisfies P(w > x) = as x —> 00 for some a > 0. Let us also mention that in [AKQ10], 

based on Airy process heuristic, it was conjectured that for disorder with exponentially decaying 
tails, i.e. a = 00 , and for 7 6 [0,1/4] the scaling exponents should interpolate linearly between the 
Gaussian and the KPZ exponents like X = (1 — 47 )/ 3 , £ = 2(1 — 7 )/ 3 . This conjecture, which also 
fits inside our picture, was recently proved in [FSV14] for the stationary version of O’Connell-Yor, 
semi-discrete polymer in Brownian environment. Another earlier work, which also fits the picture 
is [ALII], where the authors proved that when a E (0, 2) and 7 = 2/a — 1 one has x = £ = 1 (see 
also [HM07] for the corresponding zero-temperature result). 

Roughly speaking, the picture we propose (see Figure 1) can be described as follows: given an 
exponent £ E [1/2,1] there exists in the (a, 7 ) diagram a “level-curve” 


£ 


' 1 + a( 1 — 7 ) 
2a- 1 

2(1-7) 

3 ’ 


for 

for a ^ 


along which the polymer in heavy tail disorder with “a moments” and at inverse temperature 
/3 n = /3n -7 has transversal fluctuation exponent £. We will present this in more detail in the next 
section. 

In this article we prove the validity of this picture on the £ = 1/2 regime. In other words 
we rigorously identify the so called weak disorder regime , where the polymer behaves diffusively. 
Moreover, in this regime, we identify the scaling limit of the partition function and we see that three 
different scaling limits exist within three sub-regimes. The three different limit behaviors are related 
to the Hopf-Cole solution of KPZ, to Gaussian and to Poissonian, respectively for a)6,a£(2, 6) 
and a E (1/2,2). These different behaviors are linked to the impact of the ‘large’ weights, which is 
greater the smaller a gets. Before presenting the theorems, let us present our assumptions that will 
be followed, throughout the article: 

(A) The cumulative distribution function F(x) : = P(cu ^ x) has regularly varying right tail. In 
other words, we assume that 

F{x) := 1 — F(x) = x~ a L(x), for all x > 0, 

for some a > 0 and some slowly varying function L(x), i.e. for any t > 0 it holds that 
L(tx)/L(x) —> 1, as x —> 00 . Moreover, the choice of L(-) is such that F(x) := x~ a L(x) stays 
bounded, defining an honest cumulative distribution function. 

(B) When a > 2, we will also assume that 

E[w] = 0, E[cu 2 ] = 1. 

(C) When a ^ 2, we will also assume that 

F(—x) = (c_ + o(l)).F(x), as x -A 00 , 

for some c_ ^ 0. In other words, the left tail is dominated by the right tail when a ^ 2. 
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For t > 1, we define 

(5) the real number m(t) := inf{x | F(x) ^ 1 /t}. 

Clearly, m{t) = t 1 /“Lo(t) as t —> oo for some slowly varying function Lq. For x G It, define 
x + = max{x, 0 } and X- = max{—x, 0 }. 

We will prove the following: 

Theorem 1.1 {a ^ 6,7 ^ 1/4). Assume that the weights satisfy assumptions (A) for some 
a ^ 6 and (B). 

• Let f3 n be a sequence of real numbers with Z^n 1 / 4 -A ft as n —> 00 , for some ft G (0, 00 ). Then 

lo § Z n,0n - nlogE ( e~^ u ~ + Y, 7 ^+) lQ g^> 

2—1 


where 

( 6 ) 


^ :=1 +X>w/ / fl^ 


- - Xi-i)W(dtidxi). 


with W (dt dx) is a w/iite noise on R + x M (formally, a Gaussian process with covariance given 
by E [W(t, x)W (s, y)] = <5(2 — s)5(x — y)), A*, = {0 = to < ti < t 2 <•••< tfc ^ 1 } is the 
k-dimensional simplex, Xi G R with xq = 0, and p is the standard Gaussian heat kernel 


P(t,x ) 



t G ( 0 , 1 ), iGl. 


If ftnn 1 ^ -A 0 as n —> 00, then 


1 

Pun 1 /* 


ryu 

^n,/3n 



2=1 



n—>00 


AT(0, 2 VT- 1 / 2 ), 


where A/"(0, 27r 1 / 2 ) is t/ie normal distribution with variance 2i r 1 / 2 . 


Let us remark that which here is given in terms of a Wiener chaos expansion, is in fact 

the mild solution to the one dimensional stochastic heat equation, with flat initial condition 

f dtu = \ A u + \pip W u 
jn(0,-) = l 

When a ^ 6 , we observe the following behavior 


Theorem 1.2 (2 < a ^ 6,7 ^ 3/2 a ). Assume that the weights satisfy assumption (A) for 
some a G ( 2 , 6] and (B). Let /3 n be a sequence of real numbers such that ft n m{n 3 / 2 ) —> (3 as n -A oo, 
for some ft ^ 0. For a = 6 , we a/so assume that /3 n n ’/ 4 —> 0. T/ten 


1 

Z^n 1 / 4 



ryUJ 

^n,/3n 


n log E (e 


,~PnU- 


+ E 


rn 


-Wj 


i=l 


*! 


1 @n 3 -ji 


)) ^U^O^TT- 1 / 2 ). 

/ / n—>00 
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To state our result for a £ (|,2), we need to consider a Poisson point process V on ( w,t,x ) £ 
y :=Rx [0,1] x It with intensity measure Tj(dwdtdx) = ^a|rc|^ 1 _ "(l lo >o + c_l u ,<o)du;dtdx. Recall 
that p is the standard Gaussian heat kernel p(t,x) = (27rf) _1//2 exp(— x 2 /2t), x £ R, t £ [0,1]. We 
define the random variables 


W, 


(a) 


f ,y, wp(t , x) (V — rj) (drodfdx) 

< L'n{|to|>i} W P( X > t)'P(&wdtdx) + Ln{M<i} wp ( t ’ X ^ V ~ r l)( dwdtdx ) 
Jy, wp(t, x)V{dwdtdx) 


and for j3 £ ( 0 , oo), 

wi^ = \ [ (e Pw - 1 — f3w)p(t, x)V(dwdtdx) + Wq"\ 

P Jy 


if a £ ( 1 , 2 ) 
if a = 1 
if a £ ( 0 , 1 ). 


The random variables are well defined, as stated in the following lemma, whose proof is given 
in Appendix A: 


Lemma 1.3. For every (3 ^ 0,a £ (1/2,2), the random variables W ’p are finite a.s. Moreover, 

Wq has stable distribution with characteristic function given by 


~E V exp(iyWg Q )) 


exp ( j'y,(e iywpd,x ' ) — 1 — iywp(t,x )) ^(drodxdt) ^ 
ex P (l^n{\w\>i}( eiyWpit,x) ~ l)» 7 (dwdxdt) 

+ Jyn{\w\^i}( eiyWp ^ x) ~ 1 ~ iywp(t,x )) 7 ?(dwdxdt)) 
exp ( J'^,( e u J w p(t,x) _ l)rj(dwdxdt) ^ 


if ae ( 1 , 2 ) 

if a = 1 
if a £ ( 0 , 1 ), 


/or y £ R, where E^ 


denotes expectation with respect to the Poisson process V. 


One can explicitly evaluate the integrals in the exponent to calculate the characteristic function of 
Wq 0 ^, as presented in the proof of Lemma 1.3. We can now state the result in the regime a £ (1/2, 2) 


Theorem 1.4 (1/2 < a < 2,7 ^ 3/2a). Assume that the weights satisfy (A) for some a £ 
( 1 / 2 , 2 ) and (C) for some c_ ^ 0. Assume that E[w] = 0 when a > 1. Let (3 n be a sequence of real 
numbers such that (3 n m(n 3 / 2 ) converges to f3 £ [0, oo), as n —>• 00 . Then 


n 


fi n m(n 3 / 2 ) 


( lo S Z n,p n ~ raft,® [wl M<m(n 3/ a) ] 


la=l 


(d) 


> 2W 


(a) 


Remark 1.5. In the case of a = 2, i.e. F(x) = x 2 L(x) for some slowly varying function L(-) 
at inifinity, one can prove that for (3 n “sufficiently small” there exists a sequence a n such that 

(7) a n (log Zf^ n - n log E(e _/3? ^- + /3 n w+)) AA(0, a 2 ) 

for some constant a 2 > 0. In particular, define the function H(x) = E[a; 2 l/| a ,|^ a ,j.] for x > 0, which 
is slowly varying at infinity. Define rh(t) := inf{x | x~ 2 H(x ) ^ 1/t} fort > 1. Under the assumption 
that 

fi n rh(n 3 / 2 ) —> f3 as n —> 00 for some (3 £ [0, 00 ) 

one can prove that (7) holds with c n = sjn/ (/3 n m(n 3 / 2 )). The proof combines techniques used in 
the proof of Theorem I .4 and the method used in the proof of Theorem f.17 in Kallenberg [K02] 
regarding the central limit behaviour of renormalised sums of random variables that barely fail to 
have second moment. Since this is technical, we prefer to omit the details for simplicity. 








6 


DEY AND ZYGOURAS 


For the sake of completeness we mention the limiting behavior in the region 0 < a < 2 ,7 ^ 2/a—1, 
which has been proved in [ALII] and [HM07]. Let V be a Poisson Process on [0, 00 ) x [—1,1] x [0,1] 
with intensity one. Let V = {(wi,Xi,ti) : i^ 1} be the points in the point process with decreasing 
values of 1 / 7 . Let C be the set of all real-valued Lipschitz function on [0,1] with Lipschitz constant 
one and vanishing at 0. The entropy of a curve 7 6 L is —E( 7 ) where 

E{l) '■= [ e(7 \x))dx 

Jo 

and e : [— 1 , 1 ] —^ 1 R. is defined as 

e(x) = ^(1 + x ) log(l + x) + (l-x) log(l - x)^j . 

Define the energy of a curve 7 G C as 


vr(7) 


E 


W, 


1 /a 




Theorem 1.6 ([HM07, ALII]). Assume that the weights satisfy P(w > x) = x~ a L(x) for some 
a G ( 0 , 2 ) and some slowly varying function L(x). Let f3 n be a sequence of real numbers such that 
4 m(n 2 )/3 n —t/3 as n —> 00 for some (3 G ( 0 , 00) U {00}. Then 


1 

m(n 2 )/3 n 


log Z\ 


n,fS n 



1.2. Heuristics. We will now describe the heuristics and the picture (see Figure 1) that gives 
the phase diagram for scaling exponents depending on 7 and a when F(x) = , x /$> 1. 

We divide the ( 7 , 0 ) G (0, oo ) 2 plane into regions with different exponents behavior. We define the 
following regions 


Rt-= {ili a ) ■ 1 > 3,7 ^ Rt= {(1/4, a) : a ^ 6 }, 

R 3 := {(7, a) : 0 < 7 < 1/4, a ^ 7 ^ 7 }, Ri-= {(0,a) : a > 5}, 

R 5 := {(7, a) : a > l/2,max{0, f - 1, < 7 < ^}, 

R e := {(7, a) : 0 < a < 2,7 = \ - l} and R 7 := {(7, a) : 0 < a < 2,0 ^ 7 < \ 


!}• 


The region i ?2 U R3 U U R5 U Re is divided along families of curves characterized by the same 
exponent £ (and hence 7). More precisely, for any fixed value of £ G [1/2,1], the curve in the ( 7 , a) 
plane determined by 


( 8 ) 


{ 


(a, 7 ): £ 


1 + a(l - 7 ) 
2 a- 1 


and a ^ 


5-27 

1-7 


} U {(a,7): £ 


2(1-7) 

3 


and a ^ 


5 - 27 -1 
I -7 J’ 


should give rise to a polymer measure with transversal-fluctuation-exponent £ and 7 = 2£ — 1. In 
the region Ri U R 7 , the KPZ hyper-scaling relation 7 = 2£ — 1 fails. Inside the region R± we still 
have £ = \ but 7 =^ — 7 < 2 £— 1. Similarly, in region R 7 we have £ = 1 and 7 = ^— 7 > 2 £ — 1. 

In [AKQ10] a heuristic explanation is provided for the exponents 7 = (1 — 47 )/ 3 , £ = 2(1 — 7)/3 
when “a = 00 ” (in the sense of finite exponential moments) and 7 G (0,1/4) based on Airy process 
heuristics. However, this heuristic breaks down when a is finite, since the largest weights may play 
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Fig 1. Phase diagram for fluctuation and transversal exponents 


an important role for the exponents, as instead of logarithmic growth the largest weights grow 
polynomially and can compete with the Brownian fluctuations and entropy terms. To outline our 
approach, let us fix a > 0, 7 ^ 0 and define /3 n = /3n -7 . Recall that the energy for the path s is 
P n H“(s) and the fluctuation exponent \ gives the typical order of 

lo g Z n,p n - E t lo g Z n,flJ = log ( exp [p n {H u - A n,flS) ) 

as n x +°^, where 

K,p n := - 5 - E [log(exp(/3 n iB ; ))], 

Pn 

is larger than 0 by Jensen’s inequality (and in fact, typically, it is much larger than n 1 / 2 ). Now, 
take a real number ( e [1/2,1] and a box B n ^ := ([0,n] x n Z 2 . It is a classic result of 

order statistics [LLH83] that (here, for simplicity, we ignore slowly varying corrections) 

max{u;„: v G -Bn,cl ~ \B n ,P^ a ~ n « . 

In fact, if (u^\j = 1,2,, \B n ^\) denotes the order statistics of the set {oo v : v G B n ^} in decreasing 

order and (t^\x^)j = 1 . \B ni \ the location inside B n ^ where the j th largest valued is attained, we 

have that, for any finite k 


{n “ C t n l t^\ n - W - > 1....^, 


(d) 


where are are non trivial random variables and t^\x^ are independent uniform variables 
in [0,1]. Hence, the fluctuation of H around any centering will be at least of the order 
Since the location of the large weights is at scale n x and uniformly distributed in the box B n ^, 
the entropy cost to catch the large weights will be given by the moderate deviations of the simple 
random walk (cf. [DZ02]) 


~ n^x^) 


n 


2C-1 


( x ^) 2 

2 tO') 


(9) 


logP n (a ntW) 
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If we assume that the fluctuations of the partition function are driven by the strategy, which dictates 
to catch the large weights in a box B n £ (due to a negligible contribution of the rest of the disorder 
to the energy), then the corresponding energy-entropy competition, will lead to 

( 10 ) n x+o(1) « log^ - IE [log Z“ t p n \ ~ - n 2 ^ 1 = - n 2 ^ 1 

The contribution of such strategy will be negligible unless 

2 C — 1 ^ (1 + Q/a - 7 i.e., ( ^ (1 + a(l - y))/( 2 a - 1 ). 


Since the largest exponent occurs when equality holds, one expects that the fluctuation exponents 
will be given by 


1 + a(l - 7 ) 
2 a - 1 


and 


X = 2£ - 1 = 


3 — 2ay 
2 a - 1 ' 


However, when the exponent X = (3 — 2a r f)l(f2a — 1), provided by this strategy, becomes smaller 
than the fluctuation exponent x = (1 — 4y)/3 conjectured for a = 00 and same 7, we will have a 
situation where the strategy of catching the large weights is not optimal. In this case, the strategy, 
which is intrinsic for a = 00, will prevail leading to exponents x = (1 ~ 4y)/3 and £ = 2(1 — y)/3 
independent of a. This leads to a decomposition of the {a, 7) phase diagram determined by the 
values of £ G [1/2,1] and the set of equations (8). The case £ = 1/2, corresponding to diffusive 
behavior of the polymer, determines that 7 = 1/4 for a ^ 6 (which is consistent with the [AKQ12] 
conjecture) and 7 = 3/2a for 1/2 < a ^ 6 . 


1.3. Strategy. We will explain the strategy behind the proof of Theorems 1.1, 1.2 and 1.4. We 
will mainly focus on the case a > 6 , as it is more transparent. To formalize the heuristic, one needs 
to look first at the contribution from what we call the bulk of the weights to the partition function. 
This is determined by the variables {u v }, which have a value less than a certain cutoff level k n . We 
will choose 

{ /3 ” 1 , when a > 6 , 

ft 1 1 • when a £ ( 1 , 6 ] 

for some 7 ] G (1/2, a). We then consider the modified environment given by 

LU V = for V G Z 2 . 

The behavior of Q is better compared to u>, in the sense that it is bounded and has finite exponential 
moments. In particular, we have the following result, whose proof is given in Appendix A, 


Lemma 1.7. I. Let F(x) = P(w > x) = x~ a L(x), a ^ 2, and any number 6 G (1 ,a) such that 
E[u/j_] < 00 and denote p := [6\. Let also lirrp^oc fi n = 0. Then, for any k n such that k n f5 n is 
bounded away from zero and /3^ d e^ nkn -A 0, as n tends to infinity, we have 


1 p 

( 1 ) lim -g E[ e A* w + 1 "<‘»] - 1 - V E K] 

n-hoc ft}* L J r\ L 


= 0 


i= 1 


and (ii) lim logE[e^ na;la; ^M — log (~E[e^ nUJ ~] + ^ EL;!]') 

n ^00 nj' V zJ l\ / 


n —^00 f 3 ? 


= 0. 


i —1 
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II. Assume that F(x) = P(w > x) = x a L(x), with a G (1/2,2) \ {1}. Additionally, assume that 
E[w] =0, if a G (1,2). Then, for any k n we have 




and ( ii ) 


E [ e PnUt^ kn ] _ l 
E[e^ nU,1 M^n] - 1 


^ const.e^ nkn max{F(/3„ 4 ), F(k n )} 

^ C(p n , kn) e^ nkn max{F(/5- 1 ), F(k n )}, 


where the constant C(/3 n ,k n ) converges to zero when (3 n k n —> 0 . 


In the above lemma we excluded the case a = 1 purely for exposition purposes since we will not 
need this case, while the bounds are less explicit due to slowly varying effects. 

Lemma 1.7 indicates that if we could replace all “large” uVs by 0, the new environment, Cj v := 
w ul{u„^ic„}, behaves in a much regular way and we can then try to prove a limit theorem for 

— a n (k n )) 

for appropriate a n (k n ),b n . In the case that a ^ 6 , the desired limit theorem for log Z/’ ^ falls into 
the framework of [AKQ12], [CSZ15] and a limiting process exists with b n = 1, k n = n 1 / 4 and a n {k n ) 
as in Theorem 1.1. The next step is to prove that the modified environment gives the dominant 
contribution in the partition function in the sense that 

bn{ log - log —y 0 , as n-> oo 

in probability for an appropriate choice of the cutoff k n . The strategy to achieve this is as follows: 
Since we concentrate on the part of the phase space corresponding to exponent £ = 1 / 2 , the 
main contribution to the partition function should come from paths that stay within B = [0, n] X 
[_ Tl ( 1 +5)/2, n (i+5)/2], f or £ chosen appropriately small. Call this set of paths B. Restricting the 
partition function to the set of such paths we have 

0 ^ log Z^gJB) - log Zf Ai (B) ^ p n u v tu, v >k n - 

vGB 


The expected value of the right hand side is 

Pn E [ ^2 uj v 1 Uv ^ kn ] ^ Pn\B\ E[ut^ kn ] 

( 11 ) vgb 

^ const. P n n^~ A; 4- " E[cu"] = 0{n~ i h 2 ), 

where we made use of the choice k n = 0 (n 4 / 4 ) and, for the sake of exposition, we made the 
slightly stronger assumption that E[w“] < oo. The assumption that a > 6 and a choice of 
appropriately small 5 will show that the partition functions of the original and the truncated 
variables, when the paths are restricted to box B is asymptotically zero, in probability. The 
contributions to the partition function from paths that exit the box B will be controlled by 
an energy-entropy estimate in the spirit of (10). However, to succeed in this control, a multi¬ 
scale argument is needed, which will consider the energy-entropy balance in a sequence of boxes 
Bj := [0, n] x [—n/ 1 + b)/ 2 ; n( 1+ ‘ 5j ')/ 2 ] ) for appropriate choice of increasing positive numbers (b/)j>i • 
The basic principle is that the energy collected by paths staying inside box Bj (but exiting box 
Bj-i) is bounded by fi n E [ J2veBj U v^-ui v ^kn\ = h bV 2 ). as in (11). However, the entropy cost 

to exit the box Bj^i (in order to catch the large weights outside of it) is of the order 0 (nb -1 ), by 
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(9). For a ^ 6 the entropy will dominate the energy, as long as Sj/2 < <5 ? _i and this relation can 
be iterated, to cover all the scales. 

Similar strategy is applied in the case \ < a ^ 6 . However, the cutoff has to be chosen differently 
k n = m(n 3 / 2 (log n) ?? )/m(n 3//2 ), with p £ ( 1 / 2 , a), leading to a more subtle multi-scale procedure 
with a logarithmic number of iterations, instead of a finite that was sufficient in the a > 6 case. 

Let us also give a brief explanation of the origins of the different scaling limits obtained in the three 
theorems. As we already mentioned, once the truncation is achieved, the limit behavior coincides 
with that of the truncated partition function In the case a > 2 the necessary centering will 

correspond to normalizing the partition function by the moment generating function X n (/3 n ) of the 
truncated variables Cj = Denoting by := \ anc [ performing a binomial 

expansion we write 

g — n\ n (0n) a = /g5Zi=l _ ^n(Pn)) \ 

n iPn \ 

n 

= (IK 1 +c2)> = 1 + £ c 

2=1 1 ^ 2 ^ 72 , XEZj 

+ XJ Pn(il,Xl)p n {i2, X 2 ) + ■ ■ ■ 

1^21 < 22^72 
Xi,X2^Z 


Thanks to the centering A n (/3 n ) the random variables have mean zero. Computing the variance 
of the first nontrivial term in the above expansion, we have that 

Var( ^2 Ci^Pnihx)) = ( e M 2 &0- 2 MA0 _ f) ^ (p n (i,x)) 2 . 

1^2^72, aiEZ 1^2^72, IEEZ 

Lemma (1.7) shows that when a > 2 then e Y,(2/3n)-2A„(/3 n ) _ i ~ ^ 2 . Using the local limit theorem 
i.e. \fnp n {i , x) ~ 2 p(i/n,x/y/n), (where we have also taken into account the periodicity of the simple 
random walk), we finally see that 

Var( Ci,x } Pn(*»z)) ~ 2 PlVn = (V2(3 n n 1/4 ) 2 . 

1^2^72, X£Jj 


In the case a > 2 the random variables := /3~ 1 (X will have uniformly integrable second 
moments and we will be in a regime where the multilinear polynomials, below, will have a well 
defined limit, i.e. 




1 ^ 2 ^ 72 , IEEZ 

+ ^"3/4 J SaSL (VnPn(*l, *l)) (v^n(*2 “ *1,Z 2 - ®l)) + ' ' ' 

' ' 1^2l<22^72 

Oil j012 GZ 

1 + (\/2/3 n n 1 ' /4 ) [ f p(t,x)W(dtdx) 

Jo Jr 

+ (V2/3 n n 1/4 ) 2 f f TT p(ti - U-i,Xi - Xi-i)W(dti dxi) -\ - 

Jo<ti<t2<i Jr 2 j = i 2 
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When /3 n n 4 / 4 — > /3 G (0,cx)), we will be in the regime covered by Theorem 1.1. When /3 n n 4 / 4 —> 0, 
which is the case of Theorem 1.2, the terms of order two or higher will be negligible compared to 
the first two terms, while the distribution of the linear term is asymptotically Gaussian, i.e. 

(12) e -nM/3 n )z* ~ i + (^n 1 / 4 ) [' [ p(t,x)W(dtdx) + o^n 1 / 4 ) 

Jo Jr 


In the case a < 2, the random variables C,\ n ^ := /3 n fad to have uniformly integrable second 
moments (or even a second moment), due to the necessary choice of the truncation level fc n 3> /3 ” 1 
and so we come out of a central limit theorem regime. The largest weights will now have a dominant 
role and the choice of (3 n = [3 ■ m(n 3//2 )~ 4 will create an asymptotically Poissonian held V(dwdxdt) 
for the values {(/3 n Ui !X , x, i) : 1 ^ ^ n, |x| = 0(y/n)}. Let us write a multilinear expansion of the 

partition function a (without a truncation, although we will eventually need to make a suitable 
truncation) 

Z n,f 3 n = 1 + I] (^ nUi ’ t ~ 1 )Pn(i, X) 

+ ^2 n ( e ^ nUij ’ Xj - !) Pn{ij - - Xj- 1) H - 

l^ii <i2^n j= 1,2 

X\ ,#2 EZ 

~ 1 + —F= (e ^’ 1 - 1 ) ( Vnpn(i , x)) + 0(1/n) 

Jn t—* 

aiEZ 

/(e* 1 " - l)p(t, x)-p(dmdxdt) + 0(l/n), 

where we put the last approximation in quotations, since a careful centering will need to be made, 
in order to guarantee the well definiteness of the Poissonian integrals. This will also alter the final 
formulation of the last line. 

The limiting partition function will be a weighted summation over the Poissonian held of e^ w — 1 
weighted by the Gaussian probability p(x,t). This is to be interpreted that the polymer will search 
for all the sites with a large weight that will give energy e^ w — 1 and an entropy n -1 / 2 p(x,t) will 
have to be paid. However, it will be too costly for the polymer to get simultaneous contribution from 
two such sites, as the entropy that will be paid will be of order (l/y ^)^ 1 * 68 vlslted l. Finally, it is also 
worth comparing the contribution to the scaling limit from a Gaussian behavior, driven by the bulk 
of “small” weights. By (12) this will be of order /S^ra 1 / 4 = m(n 3 / 2 ) _ 1 n 4 / 4 ~ n/" -6 ^ 40 ) <C n -1 / 2 , for 
a < 2. Therefore, it is also seen in this way that the Gaussian fluctuations, driven by the bulk of 
small weights, is negligible compared to the Poissonian fluctuations, driven by the few large ones. 



1.4. Conjectured Behavior in Region R$. Let us close by discussing a conjectured behaviour for 
(a, 7 ) in the region 

:= {( 7 , a) : a > 1/2, max{0, 2/a — 1, (a — 5)/(a — 2)} < 7 < 3/2 a} 

and uj satisfying (A). The heuristic idea presented in Section 1.2 shows that weights outside a box 
of width much larger h n = with £ = (l + a(l — 7 )) / (2 a — 1 ) should not contribute much, whereas 
the big weights in the box of width h n should give the dominant contribution. The temperature is 
scaled as f3 n = /3n -7 , with 7 = a -1 (l + £) — x and x = — 1 and we are asking for a distributional 

limit for 

n~ x ( log Z“p n -a n ) 
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for some centering a n . The energy s) of a path s restricted to a box of width h n will be 
fi n H u (s):=n x ^ n ¥ uj v ^ n x u t , 

wS[0,n]x (— h n ,h n ), v€s V 


where V = {( Xi,U,Ui ) : i 1} is the limiting Poisson point process consisting of the locations ( Xi,ti ) 

_i+i 

and sizes Ui of the scaled variables n <* u v inside the box of width h n . Moreover, an entropy cost 
will have to be paid for the path to catch the big, scaled weights m. The size of the cost to go from 
one point ( Xi,fi ) E V to another one ( Xj,tj ) E V will be n x \xi — Xj\ 2 /(2\ti — tj |), cf. (9), which 
matches the size of the energy fluctuations. Therefore, one can expect that when the logarithm of 
the partition function is scaled by n x and is centered appropriately, it will converge in distribution 
to a random variational problem described by the random variable 


sup 

AcV : |A|<oo 


^2 {p ui ~ 

i£A 


\Xj ~ Xj_l| 2 N 
2 |ti - ti- 1| / 


We conjecture that: 


Conjecture 1.8. For a E (1/2,2], T is well-defined. Moreover, for ( 0 , 7 ) E R§,a < 2, (3 n = 
, with 7 = a -1 ( 1 + — % and x = 2£ — 1 and u satisfying (A), there exist constants a n such 

that 

n _x (log - a n ) T^, as n -A 00 . 

One difficulty to establish this is the identification of the centering a n , which would cancel the 
contributions from moderate size disorder weights. Since in region R§ it holds that £ > 1 / 2 , we are 
not any more in the weak disorder regime and one would expect that a n is not any more identical 
to a truncated log-moment generating function. 


1.5. Roadmap. We perform the truncation via the above mentioned multi-scale argument in 
Section 2. In Section 3, we show that the partition function with truncated disorder converges to 
the desired limits when a > 2. Finally, we identify the scaling limit in the case of a < 2 in Section 5. 
In the appendix we provide the proofs of some auxiliary estimates. Regarding notation, we will be 
writing const, for a generic constant that does not depend on specific parameters. We will use freely 
the symbols o(-), 0 (-) and when we want to put emphasis on the parameters, we will add these as 
subscripts, e.g. we will write o n { 1 ), if we want to emphasize that a quantity converges to zero when 
n tends to infinity. We will often interchange freely between the notation v and (i,x) for points in 
NxZ. 


2. Comparing the original and truncated partition functions. Recall that the original 
environment is given by fl = {oj v : v E Z 2 } and the truncated environment by Cl = {u v : v E Z 2 } 
where ui = cul{ w ^fc n }. To show that the difference log^ — log ^ is “small”, we use the multi¬ 
scale argument, outlined in the heuristics. Let us set up the framework introducing some notation. 

Given a sequence of integers 0 = ho < hi < hi < ■ ■ ■ < hn such that hi -1 < n =£ hi, for some 
£ ^ 1, we define the corresponding cylinder blocks as 

( 13 ) Bj = [0,n] x (— hj, hj ) for j = 1,2, ... ,£ 
and the set of paths restricted to By as 

( 14 ) Bj = {((*, Si))/=o e ^0 '■ max M < hj}, for i = 1,2, ...,£. 
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In other words, Bj is the collection of random walk paths contained in the cylinder B y and the set 
Bj \ Bj- 1 is the set of paths that exit the cylinder Bj_i by time n but not the cylinder Bj. Here 
i, {hi, i ^ 1} will depend on n and the tail behavior of uj. We define Bo = Bq = 0. 

We also need to recall the well known fact, that the probability of the set Bj under the simple 
random walk path measure is bounded by 4exp(— h?/2n) : 


Lemma 2.1 (cf. Feller (1968)). Under the simple random walk measure P n and for any positive 
integer r we have 

P n ( max Si fz r) = 2P n (s n ^ r) - P n (s n = r). 

Thus, 



Let us now define Z'f ^ (A) := 2 n !C s eM ex P iPnH u {s)) for any A C yff so that 


(15) 


z Zt>,=Y, Z ZeM\Bj-i) and zS A =Y,zieM\B j - 1 ). 
3 = 1 j =1 


For every j = 1,2,... ,1, we define 
(16) Mj := £ 


UJ V (a) v ) — 


) = ^2 u v i 


{u v >k n }: 


as the total excess weight in block Bj. Note that for any path s = ((i,Sj))” =0 G Bj we have 
0 ^ H u ( s) — H u (s) ^ Mj and thus 

(17) Z“p n (Bj \ Bj_!) ^ e^Z^JBj \ Bj-i) for all j = l,2,...,L 

Combining (15), (16) and (17) we have 

Lemma 2.2. For any real number A > 0 we have 
niogZ^ n -\ogZ^ n >A) 

e 

< |Br| ■ F(k n ) + P ( £ exp(/5 n Mj) K jPn ( B j-i) > A ) ■ 

3=2 

Proof. Using decomposition (15) and estimate (17), in the second inequality below, we have 

rytjj yuj _ yd) 




^n,y9„ 




sc 


! + Zn,0n{Bl) z * ZM " (gl) + J2^ nMj - X ) • P n,hn( B J \ B 3- 1 ) 

7=2 


3=2 

£ 


i + z " A<g ’^ z " v(Bl1 + £ ^ M ‘ ■ KuM \ bj-i). 

77,/3n j = 2 
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Using log(l + x) ^ x, this immediately implies that 


(18) 0 < log — log < 


yui 


3 =2 


Note that on the event {max„ g Bi w» ^ k n } we have Zf ^{B i) = Zf :j ^(B\). Moreover, we have 
P(max„ S B 1 w v > k n ) ^ |Bi| • F(k n ) and our claim follows. ■ 


Now, E[wl {a;>A . ji }] = k n °'L\{k n ) with the slowly varying function 

/ OO 

x~ a L(tx ) dx. 

For a ^ 1, it is easy to check that there exist constants c > l,to > R such that 


(19) L(t) ^ L\{t) ^ cL(t), for all t to- 

Clearly E [Mj] = EE„ eBj = l B #n _a -ki(M = nhj k A ~ a Li(k n ). Thus, if 

/3 n nhj k A ~ a < hj_i/n, 

then the expected energy accumulated by the path (this corresponds to the left hand side of the 
above inequality) will be dominated by the entropy cost (that corresponds to the right hand side 
of the above inequality). Hence, the contribution of the set of paths in Bj \ Bj-\ will be small. The 
following Proposition 2.3 makes this argument rigorous. Recall that the function m : (l,oo) H > R 
from (5), which satisfies tF(m{t )) = 1. 

Proposition 2.3. Consider a sequence (/3 n )n^i such that sup n ^ 1 f3 n maxjn 1 / 4 , m/n 3 / 2 )} < oo. 
Assume that a > 1/2 and let 

{ fd~ l , when a > 6 , 

ft 1 , whence ( 1,6] 

for some rj E (1/2, a). Assume, also, that 

( 20 ) limlimsupP (Z“p n < eE[Z^J) = 0 . 

n—i-oo 

Then, for any a ^ 0 


Proof. Recall the definitions of Bj, Bj,Mj,j = 1,2,... ,£, from equations (13), (14) and (16) for 
a given sequence of heights y/n <C hi < /i 2 < ■ • • < h^ with h^\ < n ^ hi, that will be determined 
later on. We distinguish between three cases: 

Case 1 . (a > 8) First, we consider the case a > 8 and choose k n ^ n 1 / 4 . If we take 1=1 with 
h\ = n, we have by Lemma 2.2, with A = n~ a and arbitrary a > 0 (notice that in this case the 
second term in the inequality does not appear) that 

P(log^ A - l°g Z% Pn > n~ a ) ^ |B x | • F(k n ) < |B 1 |F(n 1 / 4 ) 

= n(2n + 1) n~ a / A L(n 1/A ) — > 0, 


as n —> oo 
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which proves the claim in this case. 

Let us now work towards the case a ^ 8. To prepare, we start by using Lemma 2.2 with the value 
A, therein, chosen again to be n~ a . Choosing an arbitrary number e > 0 and making elementary 
probability estimates, we have 


P(log^ n - log Z^ n > n~ a ) < |B,| • F(k n ) +P (^exp^M^P^JH^) > n~ a 

3 =2 


( 21 ) 


< |Bi| • F(k n ) + P (ZZ A < eE[Z^j) 


+ ^ P (PnMj + log J 


3 =2 


E[Z; 


n,f3 n 


> log(e£ 1 n a )j. 


> log {e£ l n a )^ 


Furthermore, we estimate 
P (/3 n Mj + log Zn ’^ Bj - l] 

y 3 nz^j 

( 22 ) 

^ P (zl fin {B]_ r) ^ e~H PE[Z^j) + P (fi n Mj > log ( (er 1 ) 2 n~ a ) - logP(^ c _ 1 )). 

Assuming that log ((et^ 1 ) 2 n _a ) — logP(S^_ 1 ) > 0 (this assumption will be satisfied by the choices 
of the parameters e,£, hj ), we use Chebyshev’s inequality in both terms of (22) and the fact that 


nZ^pM)} = P (A) EK^J, for any A C Sft. 


to estimate (22) as 


P ( (3 n Mj + log Zn ±^ j > log {er l n~ a ) ) < % + 


m, 


n,/3 n 


fin E [Mj 


£ log ((el! -1 ) 2 n~ a ) — logP(5j_ 1 ) 


e 

sS + 


fin\&j \ E[wl{ w >fc n }] 


£ log ((e£ -1 ) 2 n~ a ) — logP(6?_ 1 ) 


(23) 


^ ? + 


fin || E[wl{ a j > / Cn j] 


£ log ((e£ -1 ) 2 ?r -a /4) + hfi- l /2 


n 


where the last inequality follows by the result that P (Bj) ^ 4exp(— h 2 /2n), for all j ^ 1, by Lemma 
2.1. Combining (23) and (21) we have 

P(log Z^ n - log Z^ n >n~ a ) 

(24) 


/3 n |Bj| E[wl{ aj> fc n j] 


< |Bl1 ■ P( **> + P ^ + « + g fog ( (rf - 1)2 „- V4 ) + A? _ l/ 2 n' 


We are now ready for 

Case 2. (6 < a ^ 8) Here the cutoff is k n = /3 -1 . Note that if fi n <C n -2 /“ then as in Case 1, we 
can take hi := n with £ = 1 to get the result and avoid the multi-scale argument. Thus, w.l.o.g. we 
can assume that fi n 3> n -2 /". From the assumption sup,^/3 n maxjn 1 / 4 , m(n 3 / 2 )} < oo, we have 
k n ^ const, n 1 / 4 and we choose 


hj = \rfi 1+5j ^ 2 \, for j ^ 1, 
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with 


6l = 4^ “ 6 )’ 


and 


fy — fi — 1 

= 2 S j- 1 “I-= 4 —(« - 6), for j = 2,3,... 

and l = [log 2 (l + 4/(a — 6))], so that bi ^ 1, which guarantees ^ n. We notice that, for all large 
enough n, we have 

(25) log ((e^ 1 ) 2 n _a /4) + h 2 j _ 1 /2n ^ h?j_i/4n. 

Moreover, we have that 

|Bi|F(fc n ) ^ const. |Bi|F(n 1 ^ 4 ) ^ const, nhi ■ n~ a ^L{n 1 ^ A ) 

(26) ^ const. n~s~L{v}^ A ) = o(l), 

since a > 6. Using the choice k n = j3~ l and the assumption that PnU 1 ^ is bounded we also have 
/3 n \Bj\ E[wl {iJ>A . n }] = P n (2 nhj) £; 4_Q Xi(fc n ) = (2 nhj) P^Li(k n ) 

^ const.n 1H 2 J ~^iLi(k n ) = const.L 1 (n 1//4 ) 

= const. n Sj ~ 1-1 Li(n 1//4 ) 

(27) = const. n~ 1 h 2 _ l n^^ Li(n 4 / 4 ). 

Inserting the bounds (25), (26),(27) into (24) we obtain 

niog Z^ n -log Z^ n >n- a ) 

^ const.n“8“L(n 1//4 ) + P (Z^ n < eEfZ^J) + e + const.n - ® - Li(n 1//4 ) 
limsupP(log Z“ Pn - log > n~ a ) < limsupP (Z^ < eE[^]) + e. 


and so 


Taking sjOwe have the result for a G (6, 8], by the assumption that in this limit the first term on 
the right hand side vanishes. 

Case 3. (1/2 < a ^ 6) Now we consider the case when 1/2 < a ^ 6. We choose 

, m(n 3 / 2 (log?r) ?? ) . q /9/ , 

K = —a -7Y77\— ^ const.m(n 3/2 (log n)^), 

p n m[n a i z ) 

for some G (1/2, a). As before, we can assume that fi n n~ 2 ' a , otherwise the proof is trivial. We 
now choose hj = [yPi(lognY j J for j ^ 1, with 


4 


for j = 1,2,... ,£, 
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and £ = £ n := |"log 2 (l + i)°ioglog n )1 > so that hg ^ n. We first notice that this choice of hj implies, 
similarly to (25), that 

log ( (er 1 ) 2 n~ a / 4) + h 2 _ l /2n > log ((< el~ 1 ) 2 n~ a / 4) + n ^ lo ^) 2Sj ~ 1 

= log ( {e£~ x ) 2 n~ a 1 4) + ^(logn ) 1 " 1 2 l 27 ?- 1 ) 

(28) ^ /ij_i/4n, 
for every j ^ 2, since > 1/2. Moreover, we have 

jBi|F(A: ri ) ^ const. jBi|F(m(n 3 // 2 (logn) ,? )) 

(29) const. n~ x ^ 2 h\ ■ (log n)~ v = const. (logn)i _ 2 = o(l), 


by the choice tj E (1/2, a). Using (19) in the first inequality below and the definition of m(-) in the 
second equality, we also have 


/3 n |Bj| E[wl {aJ>fcri }] ^ const. /3 n (nhj) k x ~ a Li(k n ) < const, nhj /3 n k n F(k n 
^ const, nhj f3 n k n F(m(n 3 ! 2 (log n) v )) 
m(n 3 / 2 (log n) 71 ) 1 


= const, nhj 


m(n 3 £ 2 ) n 3 / 2 (logn) T? 


(30) 


= const. 


h 2 

n i-l 


n 


(log n 


A 2( b- 1 v 


m\n 


3 / 2 (log 


n 


min 


3/2) 


where in the last step we used the definition of hj- 1 , hj. We will establish at the end of this proof 
that for any 1 ? > 0 , which we will choose to be small, we have for large enough n that 


(31) 


m ( n 3 / 2 (l 0 g n )»?) 


m 


( n 3/2) 


< (logn) 0 -’’)° 


and inserting this into (30) we obtain 


h 2 1 h 2 

(32) /3n|Bj| E[u;l{ w> fc n }] sj const. (logn )^ -2 ^" 1 = o(l)-^, 

where the last equality holds if we choose a E (1/2,2], 1/2 < 77 < a and $ appropriately small, 
since 


. A 1 \ 3 2 — cc(l — 1 ?) 

S, - 25j-i - „(1 - = - i+v 2g(1 ^ tf) , 

which for a > 1/2 is bounded by 

3 2-a(l-0) _ -(2a + 3)(l-0)+4 

_ 4 + 2(1-??) 4(l-i?) < ’ 

for 1 ? small enough. Inserting (28), (29) and (32) into (24) we obtain 

p (!og Z^p n - log Z^p n > n~ a ) < const, (logn)2“ 2 + P (Z% i/3n < eE[^J) 

+ e + const. ^ (log n) 5 -’ 2<5j_1 ^ 


















18 


DEY AND ZYGOURAS 


The choice of t = |"log 2 (l + ^-'lHoglog n )1 > as we ^ as °f i> V £ (1/2; cc) and (small) d, implies 
that 


limsu P P(log Z“p n - log Z“p n >n a ) ^ e + limsupP {Zf 0n < , 

n—> oo n—> oo 

from which the result follows by taking e 0. 

It only remains to check the validity of (31). This will be done with the help of Karamata’s 
theorem, which states that any slowly varying function L(-) has the form c(n) exp (J 1 n e(s)/sds), 
where c(-) is an asymptotically constant function and e(-) is asymptotically zero. Hence, by the 
definition of m(-) we have that 


m(n 3 / 2 (log re) 77 ) \ L (m(n 3 / 2 (log n) 77 )) 


m 


(n 3 / 2 ) 


L(m(n 3 / 2 )) (logn) 77 


which implies that 


m\n 


3 / 2 (log 


n 


m 


(?z 3 / 2 ) 


= (logn)“ 


L (log n) 77 )) 


L(m(n 3 / 2 )) 


, 3/2 


^ const. (logn)“ exp (a 1 , 

' Jm(n 3 / 2 ') 

7j ( m(n 3/,2 (logn)' 7 ) 
< const, (logn)“ — 


(logn)’j) 


e(s)/sds 


(n 3 / 2 ) 


where in the last step we bound e(s) by ad with d arbitrarily small, for all s > ?n(n 3//2 ) and all n 
large enough. ■ 


3. Proof of Theorem 1.1. We need to establish that the limiting distribution of the (centered) 
partition function with truncated disorder converges to the desired quantity. We do this via a 
multilinear expansion of the partition function and establish that these series converge. In order to 
check this we may apply (a version of) Theorem 4.5 in [AKQ12] or Theorem 3.8 of [CSZ15]: 

Theorem 3.1. Let (p(i,a^))igN,xez be the transition kernel of a one-dimensional simple random 
walk, i.e. p(i,x ) = P(sj = x), for i £ N,i6Z. Let, also, (Cf^)ieN,iez be a family of independent 
random variables, such that 

• E[C (n) ] = 0, 

• Var (C (n) ) = 1 + o(l), as n —> oo, 

• The family ((£( n )) 2 ) n ^i is uniformly integrable. 

Then we have the convergence in distribution and in L 2 (P) of the multilinear series 

n k 

1 + Pn II P(*J “ b’- 1 ’ x 3 ~ Z V2/3’ 

k= 1 j=l 

whenever (dnn 1 ^ —> j3, with Zthe Wiener chaos expansion (6). 
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Proposition 3.2. Assume that the weights satisfy E[u>] = 0,E[u; 2 ] = 1 and P(cu > x) = 
x~ a L(x ) for some a ^ 6 and some slowly varying function L(x). Let /3 n be a sequence of real 
numbers with /^n 1 / 4 ->^>0asnAoo and uj = with k n = fd~ l , if a > 6 and k n = 

p- 1 m(n 3 / 2 (logn) ri )/m(n 3 / 2 ) with 1/2 < 77 < a, if a = 6 . Then 


log Z n%Pn - nlogE (e 


,-0 n u}- 


i =1 


n 1 

T u + 


(d) 


^°Z Z V2(}- 


Proof. Let the truncated log-moment generating function be 

A n (x) := log E[e X£J ]. 

We will rewrite Z% p n e~ nXn ^ n ^ in the form of a multilinear polynomial 

n 

e -n\ n {Pn) ^ exp ( J2(PnUi, Si ~ K(Pn) )) ) 


i= 1 


(33) 

where 

(34) 


1 + Y Y PnTlpiij - ij-UXj - *J- 1 ) C;"| r 


k= 1 j=l 

®i,...,SfcGZ 


Ci n) ■■= fin 1 (e^"^ An(/3n) - 1) for u E 


It is immediate that E[^ n ' 1 ] = 0 and using Lemma 1.7 that 

E [(d n) ) 2 ] = p- 2 e ~ 2Xn ^ n \e Xn{ - 2 ^ - e 2An(/3n) ) = 1 + O (/?„). 

(notice that the condition e Pnk n pa -0 g - g sa tisfied, since (3 n k n ^ m(n 3//2 (log n)' ? )/m(n 3//2 ) ^ 
(logn)^ 1- ^) a << logn, for rj < a and 6 small). Moreover, have uniformly integrable second 
moments as the following computation, for 2 < p < p' < a, shows: Denote ||w|| p := (E |w| p ) 1//p , 

||^(«)|| _ ( 0 _1 || e PnCj-Xn(M _ ]_|| 

< - 1 || p + P^l 1 ~ e~ Xn ^\ 

< e“ A "(^") ||||p + Pn 1 11 - e -M£n)| 


O p-^n(Pn) 


e — • nwllp/ • ||e^“+||pp/ /( p/_ p) + P n 1 \l - e A " (/3)l) |, 


where in the third inequality we used the fact that |1 — e x \ ^ |x| max{l, e x }, for all 16 E. Lemma 1.7 
shows that the last term in right hand side is uniformly bounded. Since p' < a, we also have that 
||u;||p/ < 00 and it remains to check the boundedness of \\e /3nUJ+ ||pp'/( p '-p)- This follows immediately 
in the case a > 6 since the truncation level equals k n = ft- 1 and so /3 n u; + ^ 1. In the case a = 6 
the truncation is k n = /3“ 1 m(n 3//2 (logn) ?? )/m(n 3//2 ). Denoting, for conciseness, q = pp'/(p' — p) we 
have 

l\e^\\ q q = E[e 9/3 ^+; w ^ /3" 1 ] + E[e^+;o; ^ /3” 1 ] sj e q + 


^ e q +exp (gm(n 3/2 (logn) ,? )/ m(n 3 / 2 )) PZL(P^) 
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Using relation (31) and the assumption that /^n 1 / 4 —> (5 > 0, we estimate the above, for all large 
enough n, by 

e q + exp ^(log n) — const, log , 

which is uniformly bounded since rj < a and i9 can be chosen arbitrarily small. Thus, the assumptions 
of Theorem 3.1 are satisfied and we have that 


71 A 7l (/3 7l ) n'Ld 

e 


id) 


■> 2 


V2/3 


when (5 n n 1 ^ i —> (3 > 0. Finally, by Lemma 1.7 we check that, for n —> oo we have 

4 


nXn(Pn) - nlogE ^ 






n i 

Y UJ + 


= no(/3 4 ) = o(l). 


1=1 


We can now conclude the proof of Theorem 1.1. 

Proof of Theorem 1.1. Proposition 2.3 states that 

»“(l°6Z“ A -logZ“ A )^0, 

for any a ^ 0, under the assumption that 

(35) lim lim sup P (Z“ j/3n < £ E[Z“^J) = 0. 

S'l'U n—>■ oo 

However, Z^^JE\Z^J = e -M(/L) z£^ converges in distribution to when (3 n n 1 / 4 —» /3 > 0, 

which is a.s. strictly positive [M91] and so the assumption is readily checked. 

When /3 n n 4 / 4 AOwe can see from (33) that 


e Xn{M Zn,p n = 1 + (/?nn 1/4 ) -Y J2 (Vnp(i, x )) + o(/3 n n 1/4 ), 

l^i^n,x£Z 

where the o(/3 n n 1//4 ) is in an L 2 (P) sense. Thus, clearly, assumption (35) is satisfied. Moreover, 


n 


1 

3/A 


Y C,> Wnp{i,x)) 




l^i^n,x£Z - , (0,l)xH 

which is a mean zero Gaussian with variance 27r -1 / 2 . 


p(t, x)TU(dfdx), 


4. Proof of Theorem 1.2. 


Proposition 4.1. Assume that the weights satisfy E[<u] = 0,E[ur] = 1 and P(w > x) = 
x~ a L(x ) for some a G (2,6] and some slowly varying function L(x). Let [3 n he a sequence of 
real numbers such that fd n m(n 3//2 ) stays bounded, as n -A 00, but converges to zero. Let 

Co = iot u ^k n , with k n = ft- 1 m(n 3 / 2 (logn) v )/m(n 3 / 2 ) and g G (1/2, a). Then 


1 

/3 n n 4 / 4 





i= 1 


+ 


# w 3 




n—>-oo 


AA(0, 27t -1 / 2 ) 
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Proof. We denote, again, the truncated log-moment generating function 

X n (x) := logE[e xw ], 

with Co := and k n = f3~ l m(n 3//2 (logn)' ? )/m(n 3 / 2 ). Write ^ e -nA n (/3„) j n ^he f orm Q f a 

multilinear polynomial as in (33), (34). Denoting by q” := p- 1 [e^ nWi < x ~ Xn ^ n ^ — 1), we have 

Pn ln ~* (e~ nXM Z% iPn - l) - n“5 p(*, x)<$ 

l^i^Ti, xEZ 

(36) = J2 Cn ’ k n ~ J E n p(v - “ x i-i) 

k =2 ^’=1 

where c U) k '■= (/3 ? in 1,/4 ) fe_1 —>• 0 since /3 n n 1//4 converges to zero and k ^ 2. The estimates in the 
proof of Proposition 3.2 show that 

71 Al 

E n_fc/4 E n p(*i ~ *J-1> - ®j-i) , 

fc=2 l^ii<"-<ife^7i.7=l 

is bounded in L 2 (P). Therefore the right hand side of (36) converges to zero in L 2 (P). Moreover, 

n -i /4 ^ p(i,x)Cff AT(0,2tt~ 1/2 ). 

1^2^71, IEEZ 


Noticing that (/3 n n 1,/4 ) -1 log(e _nA, h /3Tl ) Z^ ^ ) « (/3 n n 1 / 4 ) _1 (e _nAn ^’ 1 ^ Z" ^ — 1), the result follows 
once we check the asymptotic behavior of the centering nX n (/3 n ). To this end, we invoke, again, 
Lemma 1.7 and get, for any 9 < a, 


(/3 n n 1/4 ) 1 


M A n (ftn) 



i— 1 


= (ftn 1/4 ) 1 no(p e n ) 

= o(n 3/4 /?^ _1 ) = o(n 4- +3 “) = o(l), 


since a > 2 and 0 can be chosen to be arbitrarily close to a (Notice that in the previous display 
we ignored slowly varying corrections, since these are immaterial). Finally, if a > 4 and hence we 
choose 9 > 4, then 


(^n 1 / 4 )- 1 n 

= (/W /4 ) _1 


/ L J /T . N / 

logE ^ -r^co l + J — logE \ eT^ nU 

i —1 

nO(/3 4 ) = 0((/3 n n 1/4 ) 3 ) = o(l), 


+ E 




~L0_ 


i =1 


i! 


I 3 -« 

+ _ ^" w +- 11 -a>3 


whenever /5 n n 4 / 4 converges to zero. If a ^ 4, then 9 is chosen strictly less that 4 and the above 
difference is trivially equal to zero. ■ 


Proof of Theorem 1.2. The proof follows immediately from Propositions 4.1 and 2.3 once we 
check that assumption (20) in Proposition 2.3 is satisfied. But this is clear from relation (36), which 
implies that e _,lAn ^ n ^ = 1 + 0(/3 n re 1//4 ) = 1 + o(l). ■ 
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5. Proof of theorem 1.4. Note that we already have, by Proposition 2.3, that 

n 1/2 (logZ^ - log Z“ p ) -y > 0, 

n—>-oc 

where u = with k n = /3“ 1 m(n 3//2 (logn) r? )/m(n 3//2 ) for some rj E (1/2, a). So, as in the 

previous cases, it suffices to determine the limit of the partition function with truncated disor¬ 
der, ^ . This will be the main effort in the proof. Below, we will restrict attention to the case 
/3 n m(n 3 / 2 ) —> (3 > 0. The case f3 = 0 follows by plain inspection of the bounds in the proof. This is 
also reflected in the fact that ^ > wi a \ since for B tending to zero 

P n—>oo 

\ [ (e^ w — 1 — (3w)p(t, x)V(dwdtdx) ~ /3 [ w 2 p(t, x)V(dwdtdx), 

P Jy Jy 

which tends to zero, since the last integral is V-a.s. finite, thanks to Lemma 1.3, 

Proof of Theorem 1.4. As explained, we assume f3 n m(n 3 / 2 ) —> (3 > 0. Performing the usual 
multilinear expansion we have 

e - n \ n (fi n ) z a^ = x + - 1 )p n (i,x) + Rn, 

i,x 

where the remainder R n equals 

oo k 

Rn ■= y: ^2 (ef 3nm i’ x i~ Xn ^ n) - 1 ) p n (ij - ij-l,Xj ~ Xj-i). 

k= 2 j= 1 

xi,...,Xk£Z 

We first show that nE[R 2 ] = o(l), as n tends to infinity. Using the fact that _ \ are 

mean zero we have 

oo k 

(37) nE[i? 2 ] = ^ _ i^xj - Xj-1 ). 

k= 2 j =1 

x\ j.-.jiCfcGZ 

From the second part of Lemma 1.7 we have that 

gA„(2/3 n ) — 2 A„(/3 n ) _ 1 ^ const . e 0nkn F(k n ) < const. e "*(n 3/2 ( 1 °gn)’ ? )M(n 3/2 ) i7( m ( re 3/ 2 (log „)*/)) 

^ const. e^ losn ^ /< J n~ 3 / 2 (logn) -7? ^ const. e^ logn ^ /( J nT 3 / 2 , 
for all large n and i? arbitrarily small, as in (31). Inserting this into (37) we obtain 

oo k 

nE[i? 2 ] < n ^(const. e^ logn ^ /(1 ^ )a n ~ 3 / 2 ) k ^ JJpn(u — U-i, x ji x j-i) 2 

k= 2 l^zi<-”<z/ c ^n z=l 

oo k 

= n (const. e (Iogn)-»/ (1 tf )° n -3/2)fc„-fc ^ n(^(U-U-l^^,-l)) 2 - 

/c=2 1^2l<---<2fc^n 2=1 

xi,...jXkGZ 
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Since the summation runs over k ^ 2 , 77 < a and n 3fc / 2 <—<ik<n Y\!i=i(V™Pn{ij — *j-i , x j ~ 

Xj— i )) 2 converges to a finite Riemann integral, it is easily seen that nE[i? 2 ] converges to zero, as n 
tends to infinity. 

To proceed further, we write 


ryUJ 

^n,pr 


= e nA "(^") fl + ^2 ('e P nG}i ’ x A " (/3n) - 1 )p n (i, X ) + R-n\ 

= e (n-\)\n(Pn) ( e *n{Pn) + ^ (g^nWi,* _ X ) + e Xn ^ n ' ) R 

^ l^i^n,a;GZ ^ 

= A + ^ _ i)p n (i ; x ) - ( n - i) ( e MAd - l) + e A ”( / 9 n )i? n > j 

^ l^i^n,:rEZ ^ 


As it will be checked, the terms inside the parenthesis, besides 1 , tend to zero, in probability, as n 
tends to infinity and in fact the third and fourth terms are o(n _1//2 ), while the second term will be 
of order 0(n -1 / 2 ). Hence, 


v^log^A 

= y/n(n - 1)A n (/3 n ) + \/nlog (l + ^(e^” - 1 )p n (v) - (n - l)(e An(/3n) - 1) + e Xn ^R n ^j 

V 

= y/n'^2(e /3riUlv - 1 )pn(v) - y/n(n - l)^e A "(&d - 1 - A n (/3 n )^ + y/ne Xn ^R n + o(l) 

V 

= Vn^^ nUlv - 1 )p n (v) - y/n(n - 1) (e An(/3n) - 1 - A n (Pn)) + o(l). 


Using the second part of Lemma 1.7, we have the estimate 


Vn(n - 1 ) e An(/3ri) - 1 - A n (/3 n ) 


^ const. n 3 / 2 (A n (^ n )) 2 

= const. ?r 3 // 2 (log(l + E[e^ najl “ sSfen ] — l )) 2 
^ const. ?r 3 ^ 2 (E[e^ na;1 “^' C71 ] — 1 ))" 

^ const. n 3 / 2 e 2 / 3 " fcn (F (^“ 1 )) 2 
^ const. n 3 / 2 e 2 P nkn (_F(m(n 3//2 ))) 2 
= const, n -3 / 2 e 2/3nk ", 


which converges to zero as n tends to infinity, since (3 n k n = m(n 3 ,/ 2 (logn) ,? )/m(n 3//2 ) and r/ G 
(1/2, a). Therefore, to identify the distributional limit of y/n\ogZ it remains to do so for 
\fn Yl v ( e ^ n!JJv ~ 1 )Pn(v )■ For this, we first notice that the field {(n _ 1 i, n _ 1 / 2 x, m(n 3 // 2 ) _ 1 u;(j i3 .)): i + 
x is even , |x| ^ Ky/n} converges to a Poisson field V on Rx (0,1) x (-K, I\) with intensity measure 
\a\w | T+ 0 ) (l U!> o + c_ l«xo)du?dtd.T. To see this, denote for any set lc(0,l)xl and (without 
loss of generality) any positive r 

(38) Na := |{(i,i)eNxZ: i + x is even, (n~ 1 i, rT x ^ 2 x) G A and m(n 3 ^ 2 )~ 1 u>^ i ^ > r}. 
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For every single (i,x) G N x Z it holds P(m(n 3 / 2 ) > r ) ~* 0, as n —> oo, while 

EfiV^] = -n 3,/2 (l + o(l)) | A\F(rm(n 3 / 2 )) = -n 3 ^ 2 (l + o(l)) |H| r~ a m{n 3 ^ 2 )~ a L{rm{n 3 ^ 2 )) 

= \n 3/2 {l + o(l)) \A\ r~ a F(m{n 3/2 )) = (1 + o(l)) |A| r" Q = * (1 + o(l)) J ^ J ^/dtdx, 

where the factor 1/2 comes from the parity condition ‘z + x is even’ and we also used the defin¬ 
ing property of slowly varying functions, i.e. L(ry)/L(y) -A 1, for every r G M and y -A oo. 
Hence, it follows that IV4 is a Poisson random variable. To complete the check that the held 
(n _1 z, n _1 / 2 x, m(n 3//2 ) -1 u;(j !a .)) converges to a Poisson held, it suffices to check that for any two dis¬ 
joint sets A\ x (ai, b \) and A 2 x (02, ^2), where Hi, H2 C (0, l)xR and w.l.o.g. (ai, b\), (<22, 62) C M+, 
the random variables 


A r ,a r ,b r | (n _ 1 i,n _ 1 / 2 x,m.(n 3 / 2 ) _ 1 a;( iia .)) £ A r X(a r ,b r ) j- ’ 

(i,fc): i+x is even 


r = 1,2, 


are asymptotically distributed as independent Poisson variables. This is clear in the case that A], A 2 
are disjoint, by the independence of the random variables oju x \ and the above computation on Na- 
So, let us assume that Ai = A 2 = A and the intervals (ai, 61), (02, 62) are disjoint and compute 


E A ,a\X\ ~^^ 2 ^ A ’ a 2’ b 2 j =E 


e ^ 1 ^{u,£m(n. 3 / 2 )( ai: b 1 )} +A21L {u,em( r i 3 / 2 )( a 2,b2)} 


+A2I, 


in- 3 / 2 |A|(l+ 0 (l)) 


= ^1 + (e Al — l)P(w G m(n 3 / 2 )(ai, b±)) + (e Aa — l)P(w G m.(n 3,/2 )(ai, 62 
and an easy computation shows that the latter converges to 


in- 3 / 2 |A|(l+o(l)) 


exp ( (e Al — 1)^ J dtdx 


rbl adw . . 1 /* f b2 adw 

+ (e Aa - 1)- / dtdx 


ai 




l+o; 


' a 2 


W 


1+a 


from which the result follows. 


We now proceed to identify the limit distribution of \/n// JV {e^ nUJv — l)p n (v). We distinguish three 
cases 

Case 1. (1/2 < a < 1) Denote by x(v) the x coordinate of v = (i, x) G {0,1,..., n} x Z and write 
y/n S /^/e PnUv - 1 )p n (y) = y/n y; ( e /3n^ _ + ^ y ( e /3n.w„ _ i)p n ( v ) 

Lemma 5.1 below will show that the second term converges in probability to zero, as I\ 00, 

uniformly in n. We, therefore, concentrate on the first term. To this, consider a partition of 
M x [0,1] x M into disjoint rectangles of diameter 5 > 0. For any ir G SA 5 denote by (w w , t w , x n ) its 
centre and write the first term as 


y/n y ( e PnUv _ l )p n (v) 

| x(v)\<Ky/n 


E E ( 

n£&8 l^n,\x\^Ky/n 


1) y/n Pn 




= Y, (1 + oj(l))(e^ 

ir£Z?g 


1)2 p{t n ,XTr) y 

l^i^n^xl^K y/n 
i-\-x is even 


L ( “i,x 
lm(n 3 / 2 ) ’ 


i_ x | 

’ n 5 y/n ) 


G7T 


t X 1 m 

— 5 — 7 = / 171 
n y'n / 
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where we used the fact that /3 n m(n 3//2 ) —> /3 and the local limit theorem for the convergence 
V™Pn(-) ~> 2p(-). The notation 0 , 5 ( 1 ) is used to denote errors that are negligible as 5 \ 0 due to 
the continuity of the functions involved in the expression. Moreover, 


E 


1 | x | ^ Kyjn 

i+x is even 


1 ( 

Vm(n 3 / 2 ) 



€ir 


P(tt), 


as n tends to infinity, where the Poisson measure V(tt) has intensity rj(dwdtdx) = ^a;|u;|~ 1_Q: (ll. u ,>o+ 
c_l w <o)du>dfdx. 

Therefore, the above expression converges in the limit n —> 00 followed by the limit 6 \ 0 to 

2 f [eP w — 1 ) p(t, x)V(dwdtdx). 

JRx(0,1)x(-K,K) 

Taking the limit K /* 00 and thanks to Lemma 1.3 we obtain the limit 


/Kx(0,l)xl 


(eP w — 1 ) p(t,x)V(dwdtdx) 


= 2 / (e^ w — 1 — (3w) p{t, x)V(dwdtdx) + 2/3 w p(t, x)V(dwdtdx) 

J tx(0,l)xf ilx(0,l)xK 

Case 2. (1 < a < 2) Denoting by uj% := ^l|^^ em(n 3 / 2) = w„l K | <£m(n 3 / 2) , for e small and n 
large, we decompose 


n^{e^ nUv - 1 )p n (v) 


(39) 


= Vn J2 (eP nUv - 1 )p n (v) + y/nP n W,[u} e v ] ^2 Pn( v ) 

\x{v)\^K y/n,\uj v \^£rri{n^/’ 2 ) \x(v)\^K y/n 

+ Jn J 2 (e^-Efe^S })p n {v) 

\x(v)\^K +n. 

+ Vn ^2 {e^ nWv - 1 )p n (v) + v'iiEjeW - 1 - /3 n u £ ] ^ p n (v) 


\x{v)\>Ky/n \x(v)\^Ky/n 

Moreover, a simple computation, using the fact that cu has mean zero, shows that 


n? /2 Pn = -n 3/2 /3 n E[w„l, , >em(n3 /2 ) ] -» - /3a [ H “(l w >o - c_l u ,< 0 )dn; 

11 n ^°° J\w\>e 

= -/3af w (l w>0 + c_l w <o)du;. 

J\w\>e \W | i+ " 


'|w|>e 

Notice that the integral is well defined since a > 1. In combination with the local limit theorem we 
see that 




J2 Pn( v ) - >-/3a[ W l , (l w> 0 + c_t w <o)d 

, , r- n ^°° J\w\>£ M 

= —2/3 / wp(t, x)'i/(dwdtdx) 

J A r _k 


w l p{t , x)dtdx 

( 0,1 )x(-k,k) 
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where A e ,k ■= [-e,e] c x (0,1) x (— K,K). This fact together with the Poisson convergence (as in 
Case 1, cf. (38)) implies that the first line of (39) converges, as n tends to infinity, to 




(e^ w — l)p(t, x)V(dwdtdx) — 2/3 / wp(t,x)p(dwdtdx) 

J A e ,K 


= 2 / (e /<iw — 1 — f3w)p(t , x)V (dwdtdx) + 2 f3 wp(t, x) (V(dwdtdx) — r/(dwdtdx)). 

J J A St K 

Notice that in the last step we centered appropriately, in order to be able to take the limit e \ 0 in 
a legitimate, L 2 (V), way. This is done using the Poisson L 2 isometry (cf. [K02], Thm. 10.15), since 
for any arbitrary M > 0 we have 

2 


E 


V 


I {e<\w\<M}x{0,1)x(-K,I<) 


wp(t, x) (V(dwdtdx) — p(dwdtdx )) 




I {e<\w\<M}x(0,l)x(-K,K) 


w 2 p(t, x) 2 r] (dwdtdx), 


which is uniformly bounded as e tends to zero, thanks to the fact that a < 2. Similarly, using an 
L 1 estimate, we have 


E 


v 


' {e<\w\<M}x(0,l)x(-K,K) 
^ const. / 


\e^ w — 1 — /3w\p(t,x)V (dwdtdx) 

w 2 p(t, x)p(dwdtdx), 


Ex(0,l)xH 


wp(t,x)(V (dwdtdx) — r/(du;dfdx)). 


J {e<\w\<M}x(0,l)x(-K,K) 

which is, again, uniformly bounded as e tends to zero, for a < 2. Lemma 5.1 below will allow us to 
take the limit K /* oo and finally get convergence to 

2 f (e/ 3w — 1 — j3w)p(t,x)T (dwdtdx) + 2/3 f 

JEx(0,l)xR J R; 

To conclude we need to check that the rest of the terms in (39) are negligible when n tends to 
infinity and e 0, I\ /* oo. For the first term in the third line this follows from Lemma 5.1, below. 
For the term in the second line this follows by an L 2 ( P) estimate, using the second part of Lemma 
1.7 with k n = Em(n 3 / 2 ) = e/3” 1 . Regarding the last term, it suffices to show that n 3/2 Pn E[( &v) 2 } 
converges to zero, since n~ 3 ^ 2 Yl\ x ( v )\^Ky/n'f : PPri('v) converges to a finite Riemann integral and 
E[| e@ nU1 v — 1 — Pn^vW ^ const. j3 2 E[(w^) 2 ]. To this end we have, 

O f*S7 Ti{tL^' ) rO 

x 2 d F(x)+ X 2 d F(x)). 

0 J —ein[n 3 / 2 ) 

Thanks to assumption (C) it suffices to estimate the first term and we have 


f 

■Jo 


em(n 3 / 2 ) . pem(n 3 t 2 ) 

x 2 dF(x) = n 3 / 2 /? 2 ^ — (£m(n 3 ^ 2 )) 2 F(£m(n 3 / 2 )) + 2 / x 1 ~ a L(x)dx 

em(n 3 t 2 ) 

n l 

0 


re 

2n 3/2 f3l / x 1 ~ a L(x)dx 

Jo 

^ const. n 3 / 2 /3 2 ( £m(n 3 ^ 2 )) 2 ~ a L(enn(n 3 / 2 )) 
^ const. e 2_ “ n 3//2 (/ 3 n m(n 3//2 )) 2 F(m(n 3 ^ 2 )) 
= const. e 2 ~ a () 3 n m(n 3 / 2 )) 2 
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Since f3 n m(n 3 / 2 ) —> (3 and a < 2, the last is easily seen to converge to 0, as e \ 0, uniformly for all 
large n. 

Case 3. (a = 1) Even though we work with the assumption that a = 1, we will still use the 
general symbol a in the computations below. We make a similar decomposition as in (39), with 
e = l, and denote ui v = Col = w i> 1 | W| ,|<m(n 3/a )- 

\/n'^2(e l3n ‘ /Jv - 1 )p n (v) - n 3/2 /3„ E[w„] 


= vn 


^2 (e 0nUJv - 1 )Pn(v) + n 3/2 /3 n E[u>„] [ n 1 ^ p n (v) - 1 


(40) 


| x (v) | ^ K y/n , | uj v | ^ m (n 3 /■ 2 ) 

+ y/n ^2 (e^ nUJv - 1 - /3 n Lu v )p n (v) 

\x(v)\^Ky/n 

+ Vn ^2 ~ + VnPn ^2 


\x(v)\^K y/n 


(tU v - E[c O v ])pn(v) 


\x{v)\>Ky/n 


|a;(DI^A’\/n 


As n tends to infinity and then K /* oo the second term converges to zero, thanks to the term 
inside the parenthesis. Similarly, so does the fourth term thanks to Lemma 5.1. On the other hand, 
similarly to previous cases, the sum of the first and third term converge, for n —> oo and K /* oo, 
to 


J {|u;|>l}x(0,l)x 

= 2 f 


(e^ w — l)p(t,x)V(dwdtdx) + 2 


'{|ui|<l}x(0,l)xl 


(e^ w — 1 — f3w)p(t,x)V(dwdtdx) 


/lx (0,l)xl 


(eP w — 1 — (3w)p(t , x)V(dwdtdx) + 2 j f3wp(t , x)V(dwdtdx). 

4{|«,|>1}x(0,1)xM 


These integrals are again well defined thanks to Lemma 1.3. Finally, the last term in (40) converges, 
via the Poisson L 2 (V) isometry, to 

2 / wp(t,x)(V(dwdtdx) — rj(dwdtdx)), 

4{|ui|<1}x(0,1)xR 

in the limit n —> oo followed by K /* oo. This concludes the proof. ■ 

It remains to check: 

Lemma 5.1. For every e > 0, the following estimate holds true 

lim sup P (y/n f e PnU v _ 1 )p n (y) > e) = 0 

A—>■ oo n \ zJ ) 

| x(v)\>Ky/n 


Proof. Denote 

B f := [0, n] x ((j - 1 )Kyfti, 


3 = 1,--, \K Vnl- 
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We then have, for all large enough n, the estimate 

P(Vn XI (e /3n£J< ' — 1 )p n (v) > 

\x(v)\>Ky/n 

< P (\/™ Yl ~ ^ ^ 0 ) > £ / 2 ) 

|a;(t))|>A- v /n 

+ XI P (^ XI ( e /3n^ -l)t^ >p _ iPn (y) >£2-j- 2 ). 

j=2 ueBfVBjlj 

The first term can be made arbitrarily small, uniformly in n, for A large, since we can use Lemma 
1.7 to obtain the L 1 (P) estimate 


Vn E XI (e^ nUv — i) Pn(v) ^ const. F(@ n 3 ) XI Vnpn(v) 

|x(ti)|>A v /n |x(u)|>.KVli 

^ const. n _3//2 XI VnPn{v) 

\x(v)\>Ky/n 

^ const. / / p(t, x)da;dt. 

Jo J\x\>K 

Let us now estimate the second term, which we decompose according to whether there is a large 
number of sites v £ \ Bj^ 1? such that u v exceeds the value /3" 1 or not. In this way, we arrive at 

the bound 
\K~ 1 S /F 

E 


XI ^ R2j 

j = 2 TeBf\Bf_i 

[K- 1 ^ 

+ XI P (^ XI ( e/3 


- l ) t u v >p- 1 Pn{v) > £2 


-1-2 . 


E * 




-i < K 2 j 2 


1= 2 vGBf\B* 


»£Bf\Bf_ 1 


< A -2 F^- 1 ) Y |Bf \ B^l j - 2 + V f(k 2 J 2 max ( eJ % ^p n (v )) > e2^- 2 ) 

J J z —' V DeB lf \B i L 1 / 


t/GBfVB*, 

where we used the fact that F(/3“ 1 )jB^ \ Bj v _il = 7LF(/3“ 1 )n 3//2 = 0(1), by the choice of (3. 


2 J>2 

^ const. A -1 XI J -2 + XZ P (^V ex P (^ n ™ aX jv t A — const.(Aj) 2 ) ) > e2 _ - 7-2 

j> 2 J>2 

E^lBf \Bf_ 

and that -y/nmax fB a-\ b k Pn{v) converges to the maximum of the heat kernel inside the box 

j ' 3 ~ 1 

(0,1) x (A (j — 1), Aj]. A manipulation of the terms inside the last probability, choosing K large 
enough, leads further to the estimate 

const. A -1 f 2 + yPS n max oj v ^ const. (Aj) 2 ) 

< const. A” 1 XI j" 2 + XI l B f \ B l-i I F(p-\Kj) 2 ) 

2 J>2 

^ const. A -1 XI j -2 + const. A 1_2 “ XIJ 


■—2a 


A2 


A2 


Notice the crucial fact that, since a. > 1/2, the last sum is finite and therefore we can let A be 
arbitrarily large to show that it is negligible and finally obtain the desired estimate. ■ 
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APPENDIX A: AUXILIARY ESTIMATES 
Proof of Lemma 1.7. I. Assuming (i), we can easily establish (ii). Indeed, we have 

logE^"" 1 -**-] = log ^1 + — 1]) 

= log (l + E [(eA> wl «**» - l)l w<0 ] + E [(e^ wl -<*n - 1)1^ 0 ]) 
= log (l + E^"- - 1] + E[e^" a; + 1 “< fc « - 1]) 

= log ^E^"-] + E[e /3 " a; + 1 ^ - 1]), 

and the result will follow by estimate (i), which we will now establish. Define the function 

p 

<p p (x) := e x — x G R. 

i=0 


For any k > 0 we have 


E[e 


JL » 


E ~i E K 


i=0 


E[^p(/5nW+)l a;+ ^A : ] — —Y E[w!^l aj+> fc] 


i=l 

- fitl^- 9 


< E[|( / 9p(/3 n cj + )| E^ E Pb OJ + >fc] 


2—1 


The assumption E[u/j_] < oo implies that E[a;^_l w >/ C ] —> 0 as k —> oo. Thus, 

^ ^71— E[o;^l aj+ >fc] = o|max{ ([3 n k) l ~ 9 , {fi n k) p ~ 9 } ■ as k -A oo 


2 — 1 


= o(l)/3®, 


since f3 n k is assumed to stay bounded away form zero and 0 G (l,a). We now choose arbitrary 
constant a > 0, such that a/3" 1 < k. It follows that 

fin ^[l^p(/5nW+)| = E[| (j3 n UJ+) (p p (f3 n U+) |l w+ ^ aj g-i W+] = o(l) 


as (3 n —> 0, thanks to dominated convergence and the facts that 6 G \p,p + 1),lim^-m* 9( Pp{x) = 0 
and \x~ e <p p (x)\ ^ <^ p (l), for 0 ^ x ^ 1. We, now, need to upper bound 


0 ^ E [<p p (/3 n u)+) ■ — 


l3 n ip p -i(l3 n x)F(x ) dx - ( ip p (/3 n k)F(k ) - (p p (a)F(a/3 n x )) 


' a 0n 






fin [ e^ nX F(x) dx + ip p (a)F(a(3 n x ) 
-'a/in 1 

fi n e^ nk f x~ a L(x ) dx + (pp(a)F(a/3~ 1 ) 
Jag- 1 


= fi^- k 


a fin 

k(3 n 


/ 

J a 


x a L(xf3 n ) dx + ip p (a)F(a/3, 


n 1 ) 


fkg n r j T 

< const - fin L (fin L )e /3nfc / ~^Zs + t Ppi a ) F {al3, 


_1 ) 
n )i 
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where the last inequality is valid for arbitrarily chosen S > 0, such that a — 5 > 1 thanks to 
Karamata’s representation, which provides the estimate L{xfi~ l ) / L{fi~ l ) < const.x 5 , for all large 
n and x > a. Since 6 < a, we obtain the estimate of order o(fi^), whenever kfi n has the asymptotic 
behavior prescribed by the assumptions, i.e. e^ nkn fi^ 9 —> 0. 


II. We will only prove the second inequality, since it is more detailed, while the proof of the first 
is the same. We need to distinguish cases: 

Case A. (a 6 (1/2,1)) In this case we have 


E [ e /5n<vL H<fc „] _ l 



l) 

l)cLF(s) + 



- l)dF(s) 
l)cLF(®). 


Integrating by parts in both integrals, we obtain 


_ rk n _ r U 

— (e @ nkn — l)F(k n ) + fi n e^ nX F(x)dx — (e _/3nfcri — 1 )F(—k n ) — fi n e /3nX F(x)dx. 

Jo j —kn 


Using Assumption (C), this is bounded in absolute value by 

(*k n 


_ r™n _ p'J 

(finK) e Pnkn F(k n ) + fi n e /3nX F(x)dx + fi n e^ nX F(x)dx. 

Jo J—kn 


The first term clearly satisfies the desired bound. Regarding the second term, we have 


A 


f 

Jo 


e pnX F(x)dx = A 


f 

Jo 


e P™x x a L(x)dx ^ fi n e^ nkn / x a L(x)dx 

Jo 


^ const .fi n e^ nkn k\ a L(k n ) = const. (/ 3 n k n ) e^ nkn F(k n ). 


Similarly, using assumption (C) we see that the last term is bounded by const. (AAn) F(k n ) and 
this completes the estimate, in this case. 

Case B. (a e (1)2)) The computation is similar. However, in this case we need to perform a 
centering and for this we use the assumption E[cu] =0 (in the second line below) 


E [ e A.«iM<*»] — ! = E (e A * w -l)l H<fcn = / [eh x - l)dF(x) 


' kn 

rk n r 

/ (e^ nX - 1 - fi n x)dF(x) - fin xdF(x) 

' kn J | X | > kn 

rk n r0 

/ (e^ x - 1 - p n x)dF(x) + / (e^ x - 1 - fi n x)dF{x) 

' 0 J— kn 


-fin / xdF(x) 
J \x\ 


We will only show how to estimate the integrals over the positive real axis, as the ones over the 
negative is similar thanks to assumption (C). Integration by parts gives 



fi n k n F(k n ) + fi n 



x a L(x ) dx ^ const. ( fi n k n ) F{k n ). 
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Similarly, we have 

rkn 


f 


(e^ x _ ! _ p nX ) dF (x) = — (e^" fcn - 1 - f3 n k n )F(k n ) + & 


j3nX _ 


l)F(x)dx 


(41) 


< (P n k n ) e^F(k n ) + A 


rk n 

/ (f 

Jo 


e /3 n X _ l^jP^dx. 


Choose, now, 5 = min {/3 n k n / 2, l} and estimate the second term above by 
rk n _ rk n 

Pn / {e 0nX - l)F(x)dx = p n / (e^ x - 1) x~ a L{x)dx 

Jo Jo 

P-1 

j3nX 


= Pr 


rfi/3n 

L ( 


e &nx Q L(x)dx + P n [eP nX — 1 ) x a L(x)dx 


'S/3n 


r^n 

^ const. Pn / x 1 ~ a L(x)dx + p n (e l3nkn — 1) / x~ a L(x)dx 

Jo JSK 1 

< const, f p 2 (6p~ 1 ) 2 ~ a L(5P~ 1 ) + P n {e^ nk " - 1 ){5p- 1 ) 1 ^L{5P~ x ) 


When P n k n stays bounded away from zero, then 5 is chosen to be equal to 1 and this bound reads 
as const. e^ nkn F(P~ 1 ) and when P n k n tends to zero then 5 = P n k n /2 and the last bound writes as 
0((Pnk n ) 2 ~ a ) e^ nkn F{k~ l ). Inserting this into (41) we obtain the desired estimate, since a < 2. ■ 

Proof of Lemma 1.3. We only need to check that the random variables W ^ are well-defined, 

i.e., achieve a.s. finite values. Once this is established, the fact that Wq has stable distribution 
with the prescribed characteristic function is standard. To this end, we define the sets 

si\ := {(w, x, t) : \w\ ^ 1 + x 2 /Apt}, siz := {(re, x, t) : 1 ^ |io| < 1 + x 2 /Apt} 

and ^3 := {(w, x, t) : 0 < |ra| < 1 }. 

It is easy to check that 


rj(s/ l) = / 2 aw 1 "dtcdfdo; 

J Srf 1 


roc r 1 


= 2 


' —ocJ 0 
roo rl 


(1 + x 2 /Apt)~ a dxdt 
y/t( 1 + x 2 /P)~ a dxdt < oo 


o Jo 


for a > 1/2. This means that a.s. there will only be finite number of points of V that take values 
in s /( and therefore 


/ 


e^ w p(t, x) V(dwdtdx) < oo and / \w\ p(t, x)V(dwdtdx) < oo a.s. 

J srf-1 


Similarly, for every a > 1/2, we have 

e /3w p(t,x)P(dwdtdx) < oo and 


/ 

J srf' 


' 2 


\w\ p(t,x)V(dwdtdx) < oo a.s. 


since e^ w p(t,x) e^(2irt)~ 1 ^ 2 and w > 1 on s/ 2 . Finally, checking the finiteness of the integrals 
over si 3 , we have: first, using the Poisson-L 2 isometry we have 

2 r 


E 


V 


wp(t, x){V — rj)(dwdtdx) ) = / w 2 p{t,x) 2 p{dwdtdx) 


a f 2 (. , 2 (l«)>o + c-lt„<o)du; 

- / w p(t,x) - 1 | - dxdt < 00 , 

2 .hr, \W i+ " 
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for a € [ 1 , 2 ), while for the same values of a € [ 1 , 2 ) we have 

~¥j V f \e^ w — 1 — /3w\p(t, x)V{dwdtdx) = f \e^ w — 1 — /3w\p(t, x)rj(dwdtdx) 

J J stx 


(l w >0 + c_l u ,<o)du> 


Finally, 


3 


/ \w\p(t,x)V(dwdxdt) = / \w\p(t, x) r](dwdxdt) 

Jsiz J srfz 


C const. / w 2 p(t,x) v UJ ^ U 7 — t '"^ u/ -dxdf < oo. 


IV 


1 + Q 


- / Mn(t x) (Wo + c-l^ojdw < ^ 

^ j HJ L /1 U ^ (U I | i "l i d-tAv vl U ^ 


'^3 


ru; 


l+O! 


for a < 1. The claim now follows by putting the above estimates together. 
To evaluate the integrals explicitly, let us define 


V’a(y) := < 


if a G ( 1 , 2 ) 


j^,[e iywp ^ t,x ^ — 1 — iywp(t,x )) y(dwdxdt) 
fj7n{\w\>i}( eiyWp(t,x) ~ l)v(dwdxdt) 

+ fj? n {\ w \^i}( eWwp( ' t,x ' > - 1 - iywp(t,x )) ??(du;dxdt) if a = 1 
[,/^ (e lywp< ' t ’ x > — l)rj(divdxdt) if a £ ( 0 , 1 ), 


It is easy to see that ip a (—y) = V’ a{y)■ Assuming, w.l.o.g. that y > 0 and restricting to the case 
a G ( 0 , 1 ), we have 

i/ja(y) = y a - [ (lw>o + c-t w< o)(e lw — l)prw^ • [ f \p(t, x) a dxdt. 

Jr l u; l JoJr z 


Using the result that f^°(e lw — 1) = —T(1 — a)e * Q7r / 2 for a G (0,1) and Jq/ r \p{t,x) a dxdt = 

ave 

(27t)( 1_ “)/ 2 cos(a7r/2)T(l — a) 


\ t= we finally have 
(3-a)Vtt J 


^ a (y) = -\y\ c 


air 


(3 — a)y/a 

One can also explicitly evaluate ip a (y) f° r a £ [1,2) in a similar fashion. 


(1 + c_) - *sgn(y)(l - c_) tan ■ 
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